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The theory of exchange symmetry of spin ordered states is extended to the case of high magnetic
field. Low frequency spin dynamics equation for quasi-goldstone mode is derived for two cases of
collinear and noncollinear antiferromagnets.
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Low frequency spin dynamics exists in magnetic ma-
terials if spin-orbital and magnetic dipole-dipole effects
are small compared to the exchange ones. The num-
ber of the quasi-goldstone modes and the spin dynamics
equations are determined by the exchange symmetry of
a given spin structure [1]. The concept of the exchange
symmetry can be easily extended to the spin structures
strongly deformed by high external magnetic field. In
this case there is only one quasi-goldstone mode. It is
related to the invariance of exchange and Zeeman ener-
gies upon the rotation of the spin space around magnetic
field direction on some angle ψ. In this Letter we derive
the low frequency spin dynamics equations for the two
characteristic examples of the antiferromagnets.
From the symmetry point of view there is no differ-
ence between the description of the spin structures with
field induced spin polarization, and those with sponta-
neous spin polarization (ferrimagnets). The classification
of exchange spin structures is based on the concept of the
exchange space symmetry group G. This is a group of the
charge density symmetry in the exchange approximation
(i.e., without relativistic effects).
The extension of the exchange symmetry concept in
our case is straightforward. Nonetheless one should note
that the only effect of the magnetic field which can be
taken into account in the spin Hamiltonian is the Zeeman
term −γSˆH. Here γ is the free electron gyromagnetic
ratio, and Sˆ is the total spin operator. The magnetic
field effect on the orbital state of electrons should be
neglected. It is easy to check that this approximation is
valid for all known magnets. Namely, the change of the
orbital state remains small even at the spin-flip field.
The dynamics equation for quasi-goldstone degree of
freedom ψ can be derived from Lagrange formalism. The
kinetic energy is
K =
I
2
ψ˙2. (1)
At low fields the moment of inertia I = γ−2χ, where χ is
magnetic susceptibility (see [1]). One can generalize this
result to the high fields. On one hand the magnetization
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M is the derivative of Lagrange function with respect to
magnetic field M = ∂L/∂H. On the other hand in the
exchange approximation the magnetization is M = γS.
The mechanical spin momentum is oriented along the
magnetic field and its value is S = δL/δψ˙. Let’s expand
the Lagrange function on small ψ˙
L = A+Bψ˙ +
I
2
ψ˙2 + ... (2)
The two definitions of magnetization give us the following
relations
M =
∂A
∂H
+
∂B
∂H
ψ˙ + ... = γ(B + Iψ˙ + ...). (3)
The magnetization consists of the staticMs = ∂A/∂H =
γB, and dynamic Md ≈ ∂B/∂Hψ˙ = γIψ˙ parts. From
these we see that the moment of inertia I = γ−2χ˜, where
χ˜ is the static differential susceptibility.
For the first case consider a collinear antiferromagnets.
At high magnetic field the antiferromagnetic vector L is
usually perpendicular to the field. As it is clear from gen-
eral results of the exchange symmetry theory [1] the ex-
change crystal symmetry group G remains the same as in
the absence of magnetic field. The antiferromagnetic vec-
tor transforms according to one of the one-dimensional
representations of the group G. Orientation of the vector
L around the field is dictated by the crystal anisotropy.
Let us introduce Euler angles θ, ϕ, ψ between unit or-
thogonal basis a,b, c in the spin space and the unit or-
thogonal basis x,y, z in the orbital space. Let us chose
the orientations of the basic vectors c‖H, and a‖L.
The part of the energy which depends on orientation
of the antiferromagnetic vector L is
U =
β
2
a2z +
gik
2
∂iψ∂kψ. (4)
Here we consider the symmetry groups G with one prin-
cipal axis C3, C4, or C6, (z‖Cn). The tensor gik is of an
exchange nature (gzz = g‖, gxx = gyy = g⊥). The value
β corresponds to the relativistic effects of anisotropy. All
the parameters of our theory such as gik, and β remain
unknown functions of the magnetic field value. However,
the field orientation dependence of the spin dynamics will
be determined.
2The energy (4) can be written in the form
U =
β
2
sin2 θ cos2 ψ +
gik
2
∂iψ∂kψ. (5)
The Lagrange equation corresponding to the kinetic en-
ergy (1) and the potential energy (4) is
Iψ¨ = β sin2 θ cosψ sinψ + gik∂i∂kψ. (6)
The spin wave spectrum ω(q) is
ω =
√
ω20 +
gik
I
qiqk, (7)
where the gap ω0 for both possible types of the anisotropy
β > 0 (easy plane), and β < 0 (easy axis) is
ω0 = γ
√
|β|
χ˜
| sin θ|. (8)
The gap is the longitudinal AFMR frequency. This state-
ment comes from the expansion (2). The second term
B(H)ψ˙ is a full derivative for the constant field. But if
the field is time dependent then this term leads to the
description of the longitudinal AFMR.
If the field orientation is close to the main crystal axis
(θ = 0), the gap in the spectrum goes to zero. The
finite gap value appears if one takes into account next
relativistic terms of basic plane anisotropy.
Note, that one should add the Dzialoshinskii term
d(axcy − aycx) = d sin θ sinψ to the energy (4) for the an-
tiferromagnets with a weak spontaneous ferromagnetism.
For the second case consider the noncollinear antiferro-
magnet Mn3Al2Ge3O12. Its AFMR spectrum was stud-
ied experimentally and theoretically at small fields in [2].
The twelve sublattices spin structure of Mn3Al2Ge3O12
is described in terms of two antiferromagnetic vectors
L1⊥L2 which transform according to two-dimensional
representation Eu of the crystal class Oh.
As observed in [2] the spin plane tends to become per-
pendicular to the field. So, the most probable state of
the spin structure at high fields is L1,L2⊥H. Then, ac-
cording to [1] the exchange space group remains O10h .
At high fields the anisotropy effects are described to a
first relativistic approximation by the same invariant
Ua = β
{√
3(a2z − b2z) + 2(axbx − ayby)
}
(9)
as in the small field limit (see [2]). Let us align the
basic vectors x,y, z in the orbital space along fourth-
order symmetry axes. The basis in the spin space is
chosen as c‖H, a‖L1, and b‖L2. In terms of Euler
angles the anisotropy energy (9) can be rewritten as
βf cos 2(ψ − ψ0), where parameters f , and ψ0 are the
functions of the field orientation
f =
√
cos2 2ϕ(1 + cos2 θ)2 + (
√
3 sin2 θ + 2 sin 2ϕ cos θ)2,
tan 2ψ0 =
cos 2ϕ(1 + cos2 θ)√
3 sin2 θ + 2 sin 2ϕ cos θ
.
The magnon spectrum here is given by the general for-
mula (7), where gik = gδik, and
ω0 = 2γ
√
2|β|f
χ˜
. (10)
The anisotropy term (9) is the main relativistic cor-
rection to the exchange energy of Mn3Al2Ge3O12. This
fact leads to a new relation between static and dynamic
characteristics. Consider anisotropic correction to the
magnetization. The ground state anisotropy energy is
Ua = −4|β| if the magnetic field is oriented along [001]
axis (θ = 0), and Ua = −16|β|/3 if it is oriented along
[111] (cos θ = 1/
√
3, ϕ = pi/4). It gives an opportunity
to find the function ∂β/∂H. Namely,
∂|β|
∂H
=
3
4
(
M[111] −M[001]
)
. (11)
The obtained results can be applied to any usual mag-
netics, as well as to tensors spin structures [3]. In all
cases there are additional relations of type (11). But,
the situations can be more complicated. It may become
necessary to take into account small deviations of the
magnetization from the field orientation.
In conclusion, we have presented the exchange sym-
metry theory of spin ordered states strongly deformed
by high magnetic field. Spin dynamics equation is de-
rived for quasi-goldstone mode which is the rotation of
spin space around the field direction. The dispersion of
the spin waves is determined. A new relation between
static and dynamic characteristics is found.
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